
Math 290 Problem Set 2 Due: Tuesday 3/31/2026 at 11:59 p.m. EST

Instruction: Read the assignment policy. For problems 5 and 9, include a printout your code

with your homework submission. You should submit your assignment on Gradescope.

1. Consider a linear autoencoder with encoder E(x) = WEx, and decoder D(z) = WDz. Let

x1, . . . ,xn → Rd
be a collection of data points, and let X = [x1, . . . ,xn] → Rd→n

denote the data

matrix. Assume the latent dimension is k < d, so that WE → Rk→d
and WD → Rd→k

. We consider

the following reconstruction error:

min
WE ,WD

1

n

n∑

i=1

↑xi ↓D(E(xi))↑22 = min
WE ,WD

1

n

n∑

i=1

↑xi ↓WDWExi↑22 .

(a) Show that the optimal matrix WDWE is the orthogonal projection onto the subspace spanned

by the top k left singular vectors of X.

(b) Provide one explicit solution for WD and WE, and argue why this solution is not unique.

(c) What is the solution if we additionally require WD and W
↑
E to have orthonormal columns?

(d) Explain how your conclusions in parts (a)–(c) relate to principal component analysis (PCA).

2. Let x1, . . . ,xn → Rd
be unit vectors representing n distinct lines in Rd

. Assume the lines are

equiangular, i.e., there exists ω → (0, 1) such that

|↔xi,xj↗| = ω for all i ↘= j.

(a) For each i, define the rank-one projection Pi := xix
↑
i → Symd, where Symd denotes the space

of real symmetric d≃ d matrices. Show that

↔Pi,Pj↗F =

{
1, i = j,

ω2, i ↘= j,

where ↔A,B↗F = tr(A
↑
B) is the Frobenius inner product.

(b) Let G be the Gram matrix of {P1, . . . ,Pn} with respect to the Frobenius inner product. Write

G explicitly and compute its eigenvalues. Deduce that {Pi}ni=1 is a linearly independent set

in Symd.

(c) Use the fact that dim(Symd) =
d(d+1)

2 to conclude that

n ⇐ d(d+ 1)

2
.

Do some research to find the name of this bound.

(d) Suppose that equality holds, so that {Pi} spans Symd. Explain why it is impossible to add

an additional rank-one projection yy
↑
that is equiangular with all Pi.

(e) Briefly argue that an equiangular set of unit vectors achieving equality in the Welch bound

must satisfy

n ⇐ d(d+ 1)

2
,
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3. This problem is concerned with applying algorithm unrolling to structured dictionary learning

problem. Assume we have n data points y1,y2, ...,yn in Rd
. We consider the following structured

dictionary learning problem. For a data point y → Rd
, we consider the optimization problem

min
x↓!m

↑y ↓Ax↑22 + ε
m∑

j=1

xj↑y ↓ aj↑22,

where A = [a1, . . . , am] → Rd→m
is a learnable dictionary, x → Rm

is constrained to the probability

simplex !
m
:= {x → Rm

: x ⇒ 0, 1
↑
x = 1}, and ε > 0 is a regularization parameter. Given the

data points y1,y2, ...,yn, the goal is to learn both the dictionary A and the corresponding sparse

coe”cients x1,x2, ...,xm.

(a) Provide a brief interpretation of the dictionary learning problem. What kind of structure do

we impose on the representation of a data point using the atoms? What happens as ε ⇑ ⇓?

(b) Let T := {r → Rm
:
∑m

i=1 ri = 1} . Show that the orthogonal projection of a vector z → Rm

onto T has the form

z̃i = zi ↓ ϑ,

and derive the value of ϑ . Provide a geometric explanation for why the projection direction

must lie along the normal vector of T.

(c) Consider the Euclidean projection #!m(z) = argminp↓!m
1
2↑p↓z↑22.. Using the intuition from

the a”ne projection in Part (b), argue that the solution must take the form max(zi ↓ ϑ, 0).

(d) Assume the entries of z are sorted in decreasing order and define the active set

S := {i : zi ↓ ϑ > 0}.

Show that

ϑ =

∑
i↓S zi ↓ 1

|S| .

(e) Bonus: Write down the KKT conditions for the simplex projection problem and explain how

they lead to the thresholding structure above.

(f) Briefly compare the simplex projection to the Softmax mapping. What sparsity-inducing

property does the simplex projection possess?

(g) Fix the dictionary A. Define

f(x) = ↑y ↓Ax↑22 + ε
m∑

j=1

xj↑y ↓ aj↑22.

Show that f(x) is convex in x, and compute the gradient ⇔xf(x).

(h) Write the projected gradient descent update for minimizing f(x) over !m
:

x
(k+1)

= #!m

(
x
(k) ↓ ϖ⇔xf(x

(k)
)
)
,

where ϖ > 0 is a step size. Assume we run T iterations of the projected gradient descent

algorithm starting from an initialization x
(0)
. Use algorithm unrolling to design an autoencoder

that would learn A given training data. You can assume ϖ is a fixed parameter.
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4. Let A = [a1, . . . , am] → Rd→m
have unit-norm columns, i.e. ↑aj↑2 = 1 for all j. For an index set

S ↖ [m] with |S| = s, let AS → Rd→s
denote the submatrix containing the columns of A indexed

by S.

Definition (RIP). We say that A satisfies the restricted isometry property (RIP) of order s with
constant ϱs → (0, 1) if for every s-sparse vector x → Rm

,

(1↓ ϱs)↑x↑22 ⇐ ↑Ax↑22 ⇐ (1 + ϱs)↑x↑22. (1)

(a) Fix any set S ↖ [m] with |S| = s. Show that RIP of order s implies that for all u → Rs
,

(1↓ ϱs)↑u↑22 ⇐ ↑ASu↑22 ⇐ (1 + ϱs)↑u↑22.

(b) Deduce that the Gram matrix GS := A
↑
SAS satisfies the bounds

(1↓ ϱs)Is ↙ GS ↙ (1 + ϱs)Is,

where Is is an s ≃ s identity matrix. Conclude that all eigenvalues of GS lie in the interval

[ 1↓ ϱs, 1 + ϱs ].

(c) Using (b), explain why A
↑
SAS is invertible whenever ϱs < 1. Moreover, show that

↑(A↑
SAS)

↔1↑2 ⇐ 1

1↓ ϱs
.

(d) Assume A satisfies RIP of order s ⇒ 2 with constant ϱs. Show that for any i ↘= j,

|↔ai, aj↗| ⇐ ϱs,

and conclude that µ(A) ⇐ ϱs.

5. In this problem you will experiment with an autoencoder inspired by the model discussed in

Problem 3. The first step is to generate a dataset as follows:

t ∝ Unif(tmin, tmax), y(t) =

[
t cos t
t sin t

]
+ ςω, ω ∝ N (0, I2).

Set tmin = 1, tmax = 10.0 and ς = 0.05. This produces data points yi → R2
lying near a one-

dimensional manifold. Let A = [a1, . . . , am] → R2→m
be a learnable dictionary. For each data

point yi, we infer a latent code xi → !
m
by minimizing

min
xi↓!m

↑yi ↓Axi↑22 + ε
m∑

j=1

(xi)j ↑yi ↓ aj↑22,

where !
m
denotes the probability simplex.

Inference (Encoder). For fixed A, infer xi using projected gradient descent (PGD):

x
(k+1)
i = #!m

(
x
(k)
i ↓ ϖ

[
2A

↑
(Ax

(k)
i ↓ yi) + ε d(yi,A)

])
,

where d(yi,A) → Rm
has entries

dj(yi,A) = ↑yi ↓ aj↑22.

Dictionary Update (Decoder). For fixed codes {xi}Ni=1, update A by solving the linear system

A
(
X

↑
X+ ε diag(s) + φI

)
= (1 + ε)Y↑

X, s := X
↑
1,

where X → RN→m
stacks the codes and Y → RN→2

stacks the data.
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(a) Generate N = 2000 data points from the 2D swiss-roll model and plot them.

(b) Implement Euclidean projection onto the probability simplex !
m
.

(c) Implement PGD-based inference for the latent codes xi.

(d) Learn the dictionary A by alternating between sparse coding and dictionary learning.

(e) Plot the learned atoms aj overlaid on the data.

(f) Report the final average objective value and the average support size of the latent codes

#{j : xij > 10
↔3}.

[Remark: You can experiment with di$erent parameters. Here is one choice: m = 16, ε =

10, T = 30, ϖ = 0.2, T = 25, φ = 10
↔2
, where T denotes the total number of iterations.]

6. Given a set of points x1, ...,xk in Rd
, and a similarity or weight matrix W, the Laplacian is

defined as L = D↓W, where D denotes the degree matrix. Assume that all diagonal entries of

D are non-zero. Consider the optimization problem

min
Y↓Rk→m

trace(Y
↑
LY),

where the rows of Y represent the m-dimensional embedding of k points.

(a) What is the importance of the constraint Y
T
Y = I i.e., what is the solution obtained without

this constraint?

(b) Derive the Lagrangian for the constrained optimization problem

min
Y

trace(Y
↑
LY) subject to Y

↑
Y = Im.

(c) Show that any optimal solution Y consists of eigenvectors of L. Which eigenvectors should

be chosen to minimize the objective?

(d) Consider the alternative constraint Y
↑
DY = Im. Derive the optimality conditions for

min
Y

trace(Y
↑
LY) subject to Y

↑
DY = Im.

Show that the columns of an optimal solution Y satisfy the generalized eigenvalue problem

Ly = εDy.

(e) Explain which generalized eigenvectors should be chosen to form Y, and how this choice

depends on the embedding dimension m.

(f) Exploration: Do some research and briefly discuss how this finite-dimensional problem relates

to eigenfunction problems of the Laplace–Beltrami operator in the continuous setting.

(g) Bonus: Suppose we add the constraint Y
↑
D1 = 0 to the optimization problem in part (d).

Explain how this a$ects the optimal solution.

7. Find all the eigenvalues and characterize the corresponding eigenvectors for the Laplacian of

the complete graph.

8. The quadratic form of the Laplacian is x
T
Lx =

1
2

∑
(i,j)↓E Aij(xi↓xj)

2
. Consider an eigenvector

v corresponding to the second smallest eigenvalue ε2. Given that v must be orthogonal to the

constant vector (v ′ 1), use the interpretation of the quadratic form to argue which graph would

have a larger ε2: a Path Graph (Pn) or a Complete Graph (Kn)? A path graph (denoted as Pn) is

a specific type of graph that consists of a single sequence of vertices where each vertex is connected

to the next by exactly one edge.
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9. The goal of this problem is to explore graph cuts and spectral clustering.

(a) Construct a connected graph of your choice with at least six nodes for which the minimum

cut yields a trivial partition into two clusters. Compute the Fiedler vector (the eigenvector

corresponding to the second-smallest eigenvalue of the graph Laplacian). Apply thresholding

to the Fiedler vector and determine whether it correctly identifies the two clusters.

(b) Repeat the experiment in part (a) using a connected graph with at least nine nodes, where

the minimum cut solution corresponding to three clusters is visually or structurally apparent.

Compute the eigenvectors corresponding to the first two nonzero smallest eigenvalues of the

graph Laplacian. Form an embedding using these eigenvectors and cluster the rows of the re-

sulting eigenvector matrix to obtain three clusters. Does this procedure recover the underlying

cluster structure?

10. Let Y → Rm→n
be a data matrix with n data points, and consider the optimization problem

min
D↓Rm→k,X↓Rk→n

F (D,X) := ↑Y ↓DX↑2F + ε↑X↑1,

where ε > 0 and m < k (overcomplete dictionary). In Parts (b)–(f), additionally assume the

constraint X ⇒ 0.

(a) Show that F (D,X) is convex in X for fixed D, and convex in D for fixed X.

[Hint: For the block-wise convexity, you may use the fact that the composition of a convex

function with a linear mapping is convex. you may argue noting that ↑Y↓DX↑2F is a quadratic

function and compute the Hessian with respect to the two variables].

(b) Explain why the nonnegativity constraint X ⇒ 0 preserves convexity of the X-subproblem.

(c) Explain why the problem is ill-posed if no constraint is imposed on D.

(d) To address the issue in part (c), suppose that the dictionary is constrained by

D := {D → Rm→k
: ↑dj↑2 ⇐ 1 for all j}.

Show that the D-subproblem remains convex under this constraint, and explain why such a

constraint is natural.

(e) Consider the alternating minimization scheme

X
(t+1) → argmin

X↗0
F (D

(t),X),

D
(t+1) → arg min

D↓D
F (D,X(t+1)

),

where each subproblem is solved exactly. Show that the objective values form a nonincreasing

sequence.

(f) Using your result from part (e), show that the sequence of objective values

F (D
(t),X(t)

)

converges. Explain why convergence of the objective values does not imply convergence of the

iterates

(D
(t),X(t)

).
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