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Homework 2 Code

Math 290 - Graduate Topics in Artificial Intelligence

Christian Lentz

# import packages

import pandas as pd

import matplotlib.pyplot as plt
import numpy as np

import numpy.random as rand

import pytest

import scipy as sp

import networkx as nx

from sklearn.cluster import KMeans

Question 5

In this problem you will experiment with an autoencoder inspired by the model discussed in Problem 3. The first step is to generate
a dataset as follows:

tcost

t ~ Unif(tmin, tmaz),  Y(t) = { .
tsint

:| +U£1 §NN(O’IZ)

Set timin = 1, tmaez = 10.0 and o = 0.05. This produces data points y; € R lying near a one dimensional manifold. Let
A=lay,...,an € R¥™ be a learnable dictionary. For each data point y;, we infer a latent code z; € A™ by minimizing

m
min, {|y; Az + A ;(xi)jllyi — ajlf3

where A™ denotes the probability simplex.

Inference (Encoder). For fixed A, infer x; using projected gradient descent (PGD):



2 = Mg (2 = [247 (Ae — y) + Ay, 4)))
where d(yi, A) € R™ has entries
dj(yiaA) = Hyz - a]-||§.
Dictionary Update (Decoder). For fixed codes {a:l}fil update A by solving the linear system
AXTX + Mdiag(s) +8) = 1+ ANY "X, s:=X'1
where X € RV*™ stacks the codes and Y € RY*? stacks the data.

(a) Generate N = 2000 data points from the 2D swiss-roll model and plot them.

Solution:

# global variables for this problem
N = 2000
rand.seed(1)

# parameters for generating data

t_min = 1.0
t_max = 10.0
sigma = 0.5

# empty (row-major) data matrix
Y = np.zeros(shape=(N,2))

# generate data
for k in range(N):
t = rand.uniform(t_min, t_max)
xi = rand.normal(scale=1, size=2)
Y[k,:] = [ t*np.cos(t), t*np.sin(t) ] + sigma*xi

# plot data

# create 2D fig with matplotlib
swiss_roll_sample_2D = plt.figure(figsize=(7,7))
# extract the x and y coordinate vectors for data
xx = Y[:,0]



yy = Y[:,1]

plt.scatter(xx, yy)

# plot the result

plt.xlabel("x")

plt.ylabel("y")

plt.title("2D Swiss-Roll Sample")
plt.show()



2D Swiss-Roll Sample

10 A Y

-10.0 -7.5 -5.0 ~2.5 0.0 2.5 5.0 7:5

(b) Implement Euclidean projection onto the probability simplex A™.



Solution: The algorithm that | will implement here is detailed in question 3 of this problem set, and is inspired by the following
paper: Chen and Ye (2024).

In [20]: def simplex_projection(Zz):
Given a matrix “Z° with real coefficients, “m" rows, and "N columns, project each
column onto the probability simplex in “m” dimensional Euclidean space.

# Parameters
- °Z --> a matrix with shape (m, N)

Note that the returned matrix of simplex projections also has shape (m, N)

# sort each column of Z with entries descending
idx = np.argsort(Z, axis=0)[::-1]

Z_sorted = np.take_along_axis(Z, idx, axis=0)
## Z_sorted = np.sort(Z, axis=0)[::-1]

# cumulatively sum over the columns of Z_sorted

# - for example: CS[1,j] is the sum of the first i entries of the column Z[:,j]
# - we subtract one from each cumulative sum to be in the desired form

CS = np.cumsum(Z_sorted, axis=0) - 1

# vector for boolean mask
m = Z.shape[@] # number of rows
ind = np.arange(1l, m + 1).reshape(-1, 1) # indices over all rows of Z (not zero indexed)

# boolean mask

# - Z sorted - (CS / ind) is a matrix, call it M

# - M[1,3] = Z[1,7] - (sum_{kR=1}*{1}(Z[k,7]) - 1) / (i+1)

# - in other words, we are determining if Z[1,37] > (sum_{R=1}"{1}(Z[k,3F]) - 1) / (i+1)
mask = Z_sorted - (CS / ind) > ©

# for each column of Z[:,j], determine the cutoff of the cumulative sum to compute the thresholding parameter, tc
# - find the index of the LAST active entry in each column Z[:,j]

# NOTE: this is a vector, and each entry is an index into a column of "CS°

i = np.sum(mask, axis=0) - 1

# for each column, compute the thresholding parameter



# - get index i from each column of "CS" and divide by i+1
tau = CS[i, np.arange(Z.shape[1])] / (i + 1)

# project each column, UNSORT indices, and return
Z_proj_sorted = np.maximum(Z_sorted - tau, 0)

Z_proj = np.zeros_like(Z)

np.put_along_axis(Z_proj, idx, Z_proj_sorted, axis=0)

# FOR TESTING
# assert that the projection actually Lies on the unit simplex
# the if statement also handles finite precision error in numpy
sums = np.linalg.matrix_transpose(Z_proj) @ np.full(m,1)
sum_of_sums = abs(np.sum(sums))
if sum_of_sums - N >= 0.0005:
print(sum_of_sums)
raise ValueError("The entires of the unit simplex projection must sum to one!")

return Z_proj

(c) Implement PGD-based inference for the latent codes z;.

Solution: My code below implementes a single step of the PGD, given by the following update rule:

k+1 k k
zi ) _ Tpm (mi ) _ n [2AT(A:v§ ) _ yi) + /\d(yi,A)D
where d(y;, A) € R™ has entries
di(yi, A) = lyi — a3
and A = [ai,...,am]| € R2*™ s a fixed dictionary. | wrote this using a batched implementation by defining D € R™N to be the

matrix such that each column vector D.; has entries Dj; = dj(yi, A). Therefore, the batched update becomes
X*) T (X(k) - [2AT(AX(’“) YY)+ ,\DD

assuming that X, Y are provided in a column-major format and the projection is applied column-wise. My code is implemented in
this manner, and transposing NumPy arrays is O(1) time, so this is an efficient setup.



As was movtivated in lecture, | used the Lipschitz constant of the gradient to determine the gradient step, 7. This seemed to be the
most beneficial choice that | made while experimenting with the model parameters. Computing this is simple. If we denote the
objective as f : R™ — R, then we can use Cauchy-Schwartz to obtain

[Vof(z1) — Vo f(za)|l2 = 24T (Azy — y) + Ad — 24T (Azy — y) — M|,
= [247 A(z1 — @2)||2
<2|AT Al - ||z — @l

for A a fixed dictionary, y a fixed data point, and any pair 1, 2 € R™. So the Lipschitz constant is 2|| AT A||2.

def PGD_inference(A, Y, X, l:float):

A single step of projected gradient descent using the simplex projection.

# Prameters

- "A" --> a fixed dictionary with shape (2,m) and atoms along the columns.

- 'Y --> a data matrix with shape (2,N). We want to approximate each column of this matrix as a sparse linear cc
of dictionary atoms.

- °X* --> A matrix with shape (m,N) whose columns conatin the current approximation for the sparse codes of Y gi\
dictionary A.

- 1" --> the regularization parameter.

# Return

“X_next® the result of the PGD update.

wun

# compute the distance matrix D
# NOTE: each column D[:,j] is a vector whose entries are of the form D[1,j] = dist(Y[i,:], A[:,3])"2
D = ( np.sum(A**2, axis=@)[:, None] + np.sum(Y**2, axis=0)[None, :] - 2 * AT @Y )

# compute the gradient step --> the result is a column-major matrix with shape (m, N)
R=(A@X) -Y

P = 2*(np.linalg.matrix_transpose(A) @ R)

# use Lipschitz constant for the gradient step size (eta), as motivated in lecture
eta = 1 / (2*np.linalg.matrix_norm(np.linalg.matrix_transpose(A) @ A, ord=2))

G = X - eta*(P + 1*D)

# project the gradient step onto the unit simplex



PGS = simplex_projection(G)

return PGS
(d) Learn the dictionary A by alternating between sparse coding and dictionary learning.
Solution: Note that we will use the following lemma in my analysis:

Lemma: Let A, B be invertible matrices. Then the sum A + B is an invertible matrix if, and only if, the product of the matrices
commutes. That is, AB = BA.

This part is where our approach differs from question 3 of this problem set. Specifically, we use an alternating minimization
approach here. In question 3, we unrolled the PGD to an autoencoder network in order to learn the sparse encoding map viaa T’
step PGD. In practice, we would train this network using an algorithm such as backpropogation. From there, we could use the
learned encoding map in order the learn the sparse codes via an autoencoder optimization problem. The sparisty is naturally
induced via properties of the simplex projection.

The code chunks below implement the Dictionary Update (i.e. the decoding map) as well as the alternating minimization scheme.

| use the following parameters, as suggested in the remark:

e m=16

e A=1[=10

e T = 25, where T is the number of PGD steps
e B=10"2

Besides using a standard linear solve in SciPy, | also implemented the decoder with the following approach. In both cases, | had
trouble finding parameters which adequately learned atoms with respect to the provided data.

Implementation (via matrix inversion):

Note that the decoder considers fixed codes {wl}fil and updates A by solving the linear system

AXTX + Mdiag(s) +8I) = (1+ANY X, s:=X'1



where X € RV*™ stacks the codes and Y € RY*? stacks the data. It would be conceptually simple and expedite implementation
if X T X + Adiag(s) + BI were an invertible matrix. Observe that (1) N >> m in general so that X " X € R™™ will have rank m
in general and (2) BI is invertible for any choice of 8 # 0. Additionally, we see that

(X7 X)(Mdiag(s)) = (Adiag(s))(X " X)

since multiplication by a full-rank diagonal matrix is always commutative. So M = X ' X + \diag(s) is invertible by the above
lemma. We can apply the lemma once again to see that M + I is invertible.

So, we can solve the system to obtain A via a matrix multiplication of the form
A= 14+ NY " X(XTX + A(diag(s)) + BI) .

Remark: Note that diag(s) is not always guaranteed to be invertible, as it is possible for the sparse codes X to be mean centered
with respect to at least one coordinate. In this case, at least one entry of diag(s) would vanish, making the matrix singular.
However, this occurs with incredibly low probability, esepcially for large IN. On the other hand, assuming that we mean-center the
codes X, then the term \(diag(s)) drops off entirely, and the matrix X " X + GI is always invertible for sufficiently large N.

However, the caveat is that we have to mean center X each time we apply the decoding map.

# NOTE: data set "Y' and its size "N are global to this program and initialized separately.

# dictionary update / decoding
def dictionary_update(XX, m, 1, beta, solve=True):

The decoding map, which we use to update the dictionary given fixed sparse codes.

# Parameters

- "XX* --> a fixed (row-major) matrix containing sparse codes

- 'm --> the latent dimesnion; i.e. the number of dictionary atoms

- 1" --> regularization parameter

- “beta’ --> dictionary update parameter

- “solve’ --> a boolean parameter determining if we use matrix inversion or a linear solve.

# first compute the matrix N

gramX = np.linalg.matrix_transpose(XX) @ XX

diagS = 1*np.diag(np.matvec(np.linalg.matrix_transpose(XX), np.full(shape=N,fill_value=1.0)))
I = beta*np.eye(m)



matrix_N = gramX + diagS + I

# solve via matrix multiplication
if not solve:
# NOTE: matrix inversion is numerically unstable. Does this affect the result?
N_inv = np.linalg.inv(matrix_N)
YtX = (1+1)*np.linalg.matrix_transpose(Y) @ XX
A = YtX @ N_inv
return A

# solve via Linear solve
else:
Nt = np.linalg.matrix_transpose(matrix_N)
XtY = (1+1)*np.linalg.matrix_transpose(XX) @ Y
At = sp.linalg.solve(Nt, XtY)
return np.linalg.matrix_transpose(At)

# initializing codes
def initialize_codes(m):

wun

Randomly initialize the sparse codes.
# Parameters

- 'm° the latent dimension; the number of dictionary atoms we are learning.

X = np.zeros(shape=(N,m))
for k in range(N):
X = rand.normal(scale=1, size=m)
X[k,:] = x/np.linalg.vector_norm(x)
return X

# minimization scheme

def alternating_minimization(A, X, m: int, T:int, 1l:float, beta:float, solve=True):
An alternating minimization scheme to learn a dictionary using PGD sparse coding
and a linear solve to update the dictionary.

# Parameters



- "A° --> the initialized dictionary with shape (2, m).

- "X --> the initialized sparse codes with shape (N,m).

- 'm* --> the latent dimension; i.e. the number of dictionary atoms to learn.

- T --> the number of steps to take.

- 1" --> regularization parameter.

- “beta’ --> dictionary update parameter

- “solve’ --> a boolean parameter determining if the decoder uses matrix inversion or a linear solve.

# The learned atoms "A° and the corresponding sparse coedes, X'

for _ in range(0,T):
# encoding: Simplex PGD
X_new = PGD_inference(A, np.linalg.matrix_transpose(Y), np.linalg.matrix_transpose(X), 1)
X = np.linalg.matrix_transpose(X_new)
# decoding: dictionary update
A = dictionary_update(X, m, 1, beta, solve)
return A, X

# the main program to lLearn the dictionary and plot the atoms
def learn_dictionary(m:int, 1l:float, T:int, beta:float, solve=True):

The main program.

# Parameters

- 'm> --> latent dimension; i.e. the number of dictionary atoms.

- "1 --> regularization parameter.

- "T° --> the number of steps to take.

- “beta’ --> dictionary update parameter.

- “solve’ --> a boolean parameter determining if the decoder uses matrix inversion or a linear solve.

# randomly initialize the latent/sparse codes

X = initialize_codes(m)

# initialize the dictionary by running the decoder

A = dictionary_update(X, m, 1, beta, solve)

# Llearn the dictionary via alternating minimization

A_learned, X_learned = alternating_minimization(A, X, m, T, 1, beta, solve)

# plot data ---------------coco---



plt.figure(figsize=(7,7))

# a vector for coloring the data

cl = np.zeros(shape=N)

c2 = np.full(m,1)

c = np.append(cl,c2)

# extract the x and y coordinate vectors for the Llearned atoms
xx_atoms = A_learned[0,:]

yy_atoms = A_learned[1,:]

# append these to the x and y coordinate vectors of the data
xx_final = np.append(xx, xx_atoms)

yy_final = np.append(yy, yy_atoms)

plt.scatter(xx_final, yy_final, c=c)

# plot the result

plt.xlabel("x")

plt.ylabel("y")

plt.title("2D Swiss-Roll Sample with Learned Atoms")
plt.show()

return A_learned, X_learned

|: # the provided parameters
A, X = learn_dictionary(16,10,25,0.02) # --> with “solve’
A_not_solve, X_not_solve = learn_dictionary(16,10.0,25,0.02,False) # --> with matrix inversion
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(e) Plot the learned atoms a; overlaid on the data.

Solution: See the plots above.



(f) Report the final average objective value and the average support size of the latent codes #{j : z;; > 10_3}.

Solution: See the code chunks below.

def compute_objective(A, X, 1):

Compute the objective.

# Parameters

- "A” --> the learned dictionary
- X' --> the learned codes
- "1 --> the regularization parameter

wnn

m = A.shape[1]

# objective

norm = np.linalg.matrix_norm((Y.T - A @ X.T), ord="fro")

# regularization term

D_vec = np.array( [X[i,j]*np.dot(Y[i,:]-A[:,7],Y[1i,:]-A[:,j]) for i in range(®,N) for j in range(@,m)] )
D = D_vec.reshape(m,N,order="F")

reg = np.linalg.matrix_norm(D, ord='fro")

return norm + l*reg
def compute_average_sparsity(X):
Determine the average sparsity of the matrix containing the learned latent codes.

# Parameters

- "X' --> the learned codes

wnn

return np.sum(X > 10**(-3)) / N

print(" ===== objective and sparsity (provided model parameters) ===== ")
print("Avg objective: ", compute_objective(A, X, 10)/2000)

print("Avg sparsity:", compute_average_sparsity(X))

print("")



