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ABSTRACT
The Laplace-Beltrami operator is a generalization of the standard Laplacian to functions defined
over manifolds. In this review, we formulate the definition of the Laplace-Beltrami operator starting
only with a definition of a topological manifold. We emphasize the connection to discrete methods
of dimensionality reduction and motivate Laplace-Beltrami as a generalization of the well-known
Laplacian Eigenmap (LE) and Locally Linear Embedding (LLE). Our discussion emphasizes key
properties of the operator, and investigates applications including heat flow on a manifold, geometry
processing, and Laplacian autoencoders. The code to generate our examples can be accessed at [27].
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1 Introduction
Manifold learning refers to a class of machine learning approaches that operate given the underlying assumption that
data lie on or near an embedded manifold [34, 25, 33]. This assumption is often referred to as the manifold hypothesis.
It is common to refer to the dimension of the embedded manifold as the intrinsic dimensionality of the data. The
notion of intrinsic dimensionality has been useful in the analysis of language models, for example [1].

The manifold learning paradigm is motivated by a common task in data analysis: given high-dimensional data,
how can one construct lower dimensional representations which faithfully represent the original data? In the case that
the intrinsic dimensionality of the data is much less than that of the ambient Euclidean space, the construction of such
representations is referred to as dimensionality reduction (DR). Although not all methods of DR are manifold based,
our analysis will exclusively examine such algorithms. These methods facilitate data analysis by reducing storage
space and processing time. Furthermore, as the dimensionality of data increases, the performance of machine learning
algorithms degrades [47, 54], and the complexity of learned models increases [29, 56], further motivating the need
for DR. Although formalization of the manifold hypothesis is still an active area of research, certain works testing the
validity of the hypothesis have provided evidence that such methods are reliable in practice [20, 34].

The development and application of DR algorithms has emerged as a particularly active area of research in recent
years—especially following the seminal works introducing the ISOMAP [50] and Locally Linear Embedding (LLE)
[44] algorithms. These methods emerged from a need to generalize the classical methods of Principal Components
Analysis (PCA) [46, 18] and Multidimensional Scaling (MDS) [30, 24, 13] in order to analyze high-dimensional data
with nonlinear manifold structure in a similar manner. A number of methods of so-called nonlinear dimensionality
reduction (NLDR) techniques have been introduced in recent decades [45, 50, 44, 4, 53, 15]. There is empirical
evidence that, for data with sufficiently high dimensionality, machine learning methods which use PCA as a pre-
processing step perform better when implemented appropriately [40]. The choice of linear dimensionality reduction
(LDR) verses NLDR method is data dependent, although certain themes hold in each category. For example, the
authors of [3] perform three case studies and conclude that (1) NLDR methods often outperformed LDR methods in
this setting and (2) NLDR methods excelled at uncovering local manifold structure.

In the present work, we are particularly interested in Laplacian methods including LLE [44] and the Laplacian
Eigenmap (LE) [4]. Our primary focus will be to study a generalization of these methods to a continuous setting. We
will see in Section 3 that the LLE and LE algorithms both aim to construct an orthogonal basis of vectors satisfying
certain constraints. In practice, this is achieved by solving a (possibly generalized) eigenvalue problem. In fact, the
Laplace-Beltrami operator extends this notion to a continuous regime [32, 42, 6]. In this case, we wish to construct an
orthogonal basis for a space of scalar functions over a manifold. In practice, this reduces to computing the eigenfunc-
tions of the Laplace-Beltrami Operator. In Section 4, we will see that this function basis is particularly well-adapted to
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the geometry of the underlying manifold on which the function space is defined. First, we develop preliminary tools in
the study of manifolds and functional analysis in Section 2. In Section 3 we discuss and implement discrete methods,
and in 5 we discuss numerical methods for the Laplace-Beltrami eigenfunction problem.

2 Theoretical Background

In this section, we cover preliminary technical details. These include basic definitions and objects in the study of
manifolds, function spaces and partial differential equations. Definitions and notation regarding manifolds are drawn
primarily from [43] and [52], while those pertaining to function spaces and differential equations are drawn from
[37]. Following this we will review a few foundational manifold learning methods in order to motivate our analysis of
Laplace-Beltrami.

2.1 Manifolds and Local Coordinates
The definitions and notation of this section are drawn primarily from [43] and [52]. We will denote M as a topological
manifold. That is, M is a Hausdorff, second-countable, and locally Euclidean topological space. For this work,
we further assume that M is compact, smooth, equipped with a Riemannian metric and isometrically embedded in
a Euclidean space Rn. In fact, a famous result of Nash [35] shows that, given any Riemannian manifold, such a
distance-preserving embedding always exists.

To say that M is locally Euclidean of dimension n is to say that for any point x of M there exists a neighborhood
U of x and a homeomorphism ϕ : U → V for which V is an open subset of Rn. It is common to refer to the pair (U , ϕ)
as a chart, the set U a coordinate neighborhood, and the map ϕ as a coordinate map. By compact, we mean that any
collection of coordinate neighborhoods which cover M will always admit a finite sub-collection which also covers it.
On the other hand, the second-countable condition means that a basis for the topology on M is a countable collection.
The Hausdorff condition ensures that sequence limits in M are unique. From a topological perspective, an embedding
of M in a Euclidean space is a continuous and injective mapping φ : M → Rn whose restriction φ̃ : M → φ(M) is a
homeomorphism.

For any coordinate neighborhood U of a point x in M, the coordinate map ϕ : U → Rn enables one to perform
computations in a local neighborhood of the manifold M as if they were being performed in the Euclidean space Rn.
It is common to denote the standard coordinates in Rn as ri for 1 ≤ i ≤ n. Given a chart (U , ϕ : U → Rn), we denote
the local coordinates on U to be the component functions xi ≡ ri ◦ ϕ : U → R. Therefore, given any point p of M,
we express this point in a Euclidean space as the vector ϕ(p) = (x1(p), . . . , xn(p)) ∈ Rn. Alternatively, one can view
ri as being analogous to the coordinate projection πi : Rn → R defined by πi(x) = xi.

2.2 Differentiation of Scalar Functions on Manifolds
We now have the machinery in place to begin formulating familiar notions of differential calculus for scalar functions
on manifolds. Any two charts (U , ϕ : U → Rn) and (V, ψ : V → R) of M are called C∞ compatible when the
transition maps

ϕ ◦ ψ−1 : ψ(U ∩ V) → ϕ(U ∩ V) and ψ ◦ ϕ−1 : ϕ(U ∩ V) → ψ(U ∩ V)

areC∞, or equivalently that each of the above vector-valued functions on Rn have continuous derivatives of all orders.
With this, we call a collection of charts {(Uα, ϕα)} on M an atlas when the coordinate maps ϕα of the collection are
pairwise C∞ compatible and the coordinate neighborhoods Uα cover M. Such an atlas is maximal when it is not
contained in a larger atlas, and M together with a maximal atlas is called smooth. Note that M may be referred to as a
differentiable manifold when the transition maps are k times continuously differentiable, although we will take M to
be smooth.

Using the notion of coordinate charts, we can define a C∞ smooth function on a smooth manifold M, and
formalize what it means to differentiate such a function. For such M with dimension n say that f : M → R is C∞ at
a point p of M if there exists a chart (U , ϕ) with p ∈ U such that f ◦ ϕ−1 : ϕ(U) → R is C∞ at ϕ(p). The function
f is a C∞ function when this condition holds for each p ∈ M. In fact, smoothness at p is independent of a choice of
chart (U , ϕ) since for any other chart (V, ψ) we have

f ◦ ψ−1 = (f ◦ ϕ−1) ◦ (ϕ ◦ ψ−1),

and thus the C∞ smoothness of f ◦ ϕ−1 implies that the same property holds for each ψ(p) ∈ ψ(U ∩ V). For such a
function f : M → R over smooth M we define its ith partial derivative as the function ∂f

∂xi : ϕ(U) → R such that for
p ∈ M we have

∂f

∂xi
(p) =

∂(f ◦ ϕ−1)

∂ri
(ϕ(p)).

2
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2.3 Riemannian Manifolds
In Section 2.1, the term Riemannian manifold was not explicitly defined, which we address in the present section. This
is a key detail which allows the discrete methods of Section 3 to be generalized to the manifold setting. At a high level,
a Riemannian manifold is a smooth topological manifold equipped with a Riemannian metric1 inducing a norm, thus
allowing one to make sense of the local geometry of the manifold. The definitions and notation here are drawn from
[43] and [52].

For any point p of a manifold M we define the tangent space as the vector space whose span contains all vectors
tangent to M at p, which we denote as TpM. On this vector space, a Riemannian metric assigns a positive definite
bilinear form gp : TpM × TpM → R to p. This induces a norm ∥ · ∥p : TpM → R defined as ∥v∥p =

√
gp(v, v).

Suppose that (x1, . . . , xn) : U → Rn are the local coordinates in a chart (U , ϕ) of M where p ∈ U . Then the set{
∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂x1

∣∣∣∣
p

}

of partial derivatives at p is a basis for TpM. It is often useful to consider the family of tangent spaces TxM parame-
terized by some or all elements x of the topological space M. Such an object is called a tangent bundle.2 Explicitly,
the tangent bundle of a differentiable manifold is the disjoint union

T M =
⊔
x∈M

TxM =
⋃
x∈M

{x} × TxM = {(x, y) : x ∈ M and y ∈ TxM}.

Using the basis for TpM, we can compute with a Riemannian metric in a local chart. For any v, w ∈ TpM there
exist smooth αi, βj : U → R such that

gp(v, w) = gp

 n∑
i=1

αi
∂

∂xi
,

n∑
j=1

αj
∂

∂xj

 =
∑
i,j

αiβjgp

(
∂

∂xi
,
∂

∂xj

)
,

which follows from the assumption that gp is a bilinear form. Therefore, the component functions gij : U → R of a
Riemannian metric take the form

gij(p) = gp

(
∂

∂xi

∣∣∣∣
p

,
∂

∂xj

∣∣∣∣
p

)
.

This implies that a Riemannian metric is a matrix valued function G : U → Rn×n such that [G(p)]ij = gij(p). By
definition, G(p) is a symmetric positive definite matrix. Many texts refer to defining the family of inner products gp in
a smooth way, or that each component function gij : U → R is smooth. We will suppress the point p from our notation
when it can be done without confusion.

Example 1. For an open set U ⊂ Rn containing a point p let (x1, . . . , xn) denote the standard coordinates on Rn.
For any a,b ∈ TpRn the canonical Euclidean metric is formulated as a Riemannian metric by defining

gp(a,b) = gp

 n∑
i=1

ai
∂

∂xi
,

n∑
j=1

bj
∂

∂xj

 =

n∑
k=1

akbk = a⊤b.

Appealing to the bilinearity of gp, we see that

∑
i,j

aibjgij =

n∑
k=1

akbk,

implying that for any p the local coordinate functions of this Riemannian metric are given by the Kronecker delta
δij = gij(p). Therefore, G(p) = In×n, or the identity matrix.

1More generally, a Riemannian metric is a positive definite metric tensor. At a high level, a metric tensor endows a purely
topological manifold with familiar geometric notions such as angles and distance.

2Vector bundles are a more general object of study in algebraic topology and geometry. In the tangent bundle case, we associate
to each x ∈ M a vector space whose span only contains elements which are tangent to x.
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2.4 Function and Inner Product Spaces
For a Riemannian manifold M with metric G let C∞(M) denote the set of all C∞ smooth scalar functions of the
form f : M → R which have compact support.3 We wish to equip this set of functions with an L2 inner product in a
familiar manner. For α, β,∈ C∞(M) and a neighborhood U ⊂ M with coordinates (x1, . . . , xn) : U → Rn we will
define

⟨α, β⟩ =
∫
U⊂M

g(α, β)
√
detG dx1 ∧ · · · ∧ dxn

where volG =
√
detG dx1 ∧ · · · ∧ dxn is a volume form induced by the Riemannian metric G4 Indeed, we cannot

integrate over manifolds in a coordinate independent manner without the notion of a volume form. For a more thorough
treatment, see Section 1.2.2 of [43].
Example 2. The goal of this example is to briefly introduce concepts for which a thorough examination is beyond
the scope of this work, and to motivate the fact that our inner product above is well-defined. The volume form
volG =

√
detG dx1 ∧ · · · ∧ dxk is a certain n-form constructed from the basic 1-forms dxk for k = 1, . . . , n.

Note that dxk are members of the dual vector space T ∗M, which we write as V. In a chart (U , ϕ) with coordinates
(x1, . . . , xn) on a smooth manifold M, a 1-form ω : U → R is a linear combination of the kind

ω =

n∑
k=1

αk(x)dx
k

where αk : U → R are smooth and dxi( ∂
∂xj ) = δij . This gives the intuitive notion that we can integrate with respect

to an n-form. The operation dxi ∧ dxj is the multiplication in the exterior algebra
∧
V. In brief,

∧
V is a quotient

algebra of the graded tensor algebra T (V), which we write∧
V =

(
n⊕

k=1

T k(V)

)
/I

where I is an ideal of T (V) and T k(V) =
⊗k

i=1 V. In fact, one can show that the multiplication ∧ is induced by
the canonical isomorphism T k(V)

⊗
T l(V) = T k+l(V), which is true in general for tensor algebras. This means

that volG is in fact an n-form. Furthermore, if M = Rn with standard coordinates we can take the coordinate maps
ϕ : U → R to be the identify IdU : U → U and use our result in Example 1 to write

⟨α, β⟩L2(M,G) =

∫
M
g(α, β) dvolG :=

∫
U⊂Rn

g(α, β)
√
det In×n dx1 ∧ · · · ∧ dxn

=

∫
U⊂Rn

n∑
k=1

αk(x)βk(x) dx
1 ∧ · · · ∧ dxn

=

∫
ϕ(U)⊂Rn

n∑
k=1

αk(x)βk(x) dx

=

∫
U⊂Rn

⟨α(x), β(x)⟩ dx,

which is the standard L2 inner product for vector-valued functions over Rn. Since we are only considering scalar
functions on M, then our inner product has the following familiar form

⟨α, β⟩ =
∫
M
αβ dvolG.

A set of functions together with a norm is a function space. When this norm is induced from an inner product,
the function space is also an inner product space. Modulo technical details, the set C∞(M) together with the norm
induced by the above inner product gives a Hilbert Space, or a complete5 inner product space. We denote this Hilbert
space as L2(M, G) for G being a Riemannian metric. Hilbert spaces have a number of desirable properties that will
be useful. For instance, each Hilbert space admits an orthonormal basis {φk} for which each function f of L2(M, G)
can be written as a linear combination f =

∑
k ckφk where the coefficients {ck} can be recovered via an orthogonal

projection of the form f =
∑

k⟨f, φk⟩φk.

3By compact support, we mean a function f : M → R for which the closure of the set {x ∈ M : f(x) ̸= 0} is compact. This
makes the induced norm well-defined.

4We also assume M to be connected and oriented, as this avoids technical details that must be handled with care; see [43].
5By complete, we mean that all Cauchy sequences converge in this inner product space.

4
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2.5 Operators and Laplace-Beltrami in Local Coordinates
An operator is a function on a function space. The present work is concerned with the differential operator ∆Mf :
L2(M, G) → L2(M, G) given by ∆Mf = −div(∇Mf), or the Laplace-Beltrami Operator. It is tempting to define the
gradient of a function f : M → R to be the vector field whose component functions are of the form ∂f

∂xi : ϕ(U) → R.
However, this definition implicitly assumes we are working in the standard coordinates on Rn. This leads us to the
unfortunate conclusion that defining

−div(∇Mf) =

n∑
k=1

∂2

∂(xk)2

is not quite correct—our definition must be given in a coordinate free manner. We introduce the shorthand notation
∂i =

∂
∂xi , which will be useful here and in ensuing sections.

Definition 1. For a smooth Riemannian manifold M with metric G suppose that f : M → R is a smooth function.
Define the gradient ∇ : L2(M, G) → T M in local coordinates as

∇Mf =
∑
i,j

gij∂if∂j

where we take gij = gij(dx
i, dxj) = [G−1]ij without proof.

Proposition 1. If the local coordinates on M = Rn are the standard Euclidean coordinates, then the gradient of any
smooth function f : M → R is the standard gradient from multi-variable calculus.

Proof. This proof is simple. In fact, the most difficult step is proving the identity gij = [G−1]ij , which we take as
a given here. Intuitively, we see that the inverse terms gij of the metric tensor G act to correct differences in our
computation that arise from the use of different metrics. Using our result from Example 1 and the fact gij = [G−1]ij ,
it follows that

∇Mf =
∑
i,j

gij∂if∂j =
∑
i,j

δji
∂f

∂xi
∂j =

∑
i

∂f

∂xi
∂i.

Note that ∂i is a basis vector in the tangent bundle T M, so this vector field is exactly the gradient of f .

Now we define the divergence in a coordinate-free manner. We noted above that the gradient operator above
is a vector field on a manifold, or a smooth function of the form F : M → T M which for each x ∈ M satisfies
F(x) = (x, Vx) for Vx ∈ TxM 6. We want to define the divergence of ∇Mf so that it inherits the same properties as
the standard divergence in multi-variable calculus. In doing this, it would follow that foundational theorems such as
Green’s Theorem and the Divergence Theorem would generalize to the manifold setting. To this end, we introduce the
following proposition.
Proposition 2. Let M be a smooth, Riemannian manifold with F : M → T M a vector field such that F =

∑
i Fi∂i.

Suppose that there exists an operator divF satisfying

⟨−divF , f⟩L2(M,G) = ⟨F ,∇Mf⟩
where the inner product on the right hand side is on the tangent bundle T M. Then

divF =
1√

detG
∂j

(√
detGF j

)
.

Proof. Note that for this proof we use the Einstein summation notation∑
i

Fi∂i = F i∂i.

In words, an index that appears as a superscript and a subscript in a given expression will indicate a summation of that
expression over the index. Let U ⊂ M be a coordinate neighborhood with local coordinates (x1, . . . , xn) : U → Rn.
Let f ∈ C∞(U) and F = F i∂i. Note that for each x ∈ U the Riemannian metric G induces an inner product on T ∗

x M
of the form

⟨α, β⟩ =
∫
U
gx(α, β) dvolG,

which we may extend to each tensor product T ∗
x M⊗ · · · ⊗ T ∗

x M. Following the intuition from Example 2, we obtain
a global inner product on T ∗M which we write

⟨α, β⟩ =
∫
M
⟨α, β⟩ dvolG.

6In the literature, it is typical to use language from the study of fiber bundles and call F a section of the tangent bundle T M.
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In fact, we may define such an inner product identically on T M since it is the dual of T ∗M, and thus isomorphic to it.
Now, assuming that divF does in fact satisfy the given form, we see that:

⟨F ,∇Mf⟩ =
∫
M
⟨F ,∇Mf⟩ dvolG

=

∫
U
⟨F i∂i, g

kj(∂kf)∂j⟩ dvolG

=

∫
U
F i(∂kf)g

kj⟨∂i, ∂j⟩ dvolG

=

∫
U
F i(∂kf)g

kjgij dvolG

= −
∫
U

1√
detG

f · ∂i(
√
detGF i) dvolG

=

〈
− 1√

detG
∂i

(√
detGF i

)
, f

〉
This concludes the proof.

Chaining together the preceding results, we may define the Laplace-Beltrami operator of a function f : M → R
in local coordinates as

∆Mf = −div(∇Mf) = − 1√
detG

∑
j

∂j

(
√
detG

∑
i

gij∂if

)
.

If M = Rn with standard coordinates, then it follows that detG = 1 and gij = δji. Therefore, this case yields

−∆Mf =
∑
i,j

gij
∂

∂xi
∂

∂xj
f =

∑
i

∂2f

∂x2i
,

which is exactly the standard Laplacian from multi-variable calculus. We will see in Section 5 that representing the
operators ∇M and ∆M in local coordinates will be useful for constructing numerical algorithms.

To conclude this section, we analyze the condition ⟨−divF , f⟩L2(M,G) = ⟨F ,∇Mf⟩. This means that −div is
the adjoint of ∇M. More generally, if L : X1 → X2 is an operator on inner product spaces X1, X2 then the adjoint
of the operator L is defined to be the unique linear7 operator L∗ : X2 → X1 such that ⟨⟨Lx1, x2⟩⟩ = ⟨x1, L∗x2⟩
where the inner products ⟨⟨ · ⟩⟩ and ⟨ · ⟩ are not necessarily the same. The operator L : X → X is called self-adjoint
when ⟨⟨Lx1, x2⟩⟩ = ⟨x1, Lx2⟩. There are two facts about self-adjoint operators which will be useful for our ensuing
discussion, and their proofs are short enough to include here.
Fact 1. Self-adjoint operators have orthogonal eigenfunctions.

Proof. Suppose that f, g ∈ X are eigenfunctions of the operator L : X → X such that L∗ = L. It follows that we
can write Lf = λf and Lg = µg for λ ̸= µ ∈ R. It follows that

⟨Lf, g⟩ = ⟨f, Lg⟩ ⇐⇒ λ⟨f, g⟩ = µ⟨f, g⟩ ⇐⇒ (λ− µ)⟨f, g⟩ = 0.

This can only hold when ⟨f, g⟩ = 0.

Fact 2. Self-adjoint operators have real eigenvalues.

Proof. To do this, we need to consider a complex inner product space X for which L : X → X satisfies L∗ = L.
Suppose that f ∈ X is an eigenfunction of L so that Lf = λf for some λ ∈ C. Via sesquilinearity we have

λ∥f∥2 = ⟨λf, f⟩ = ⟨Lf, f⟩ = ⟨f, Lf⟩ = ⟨f, λf⟩ = λ∥f∥2.

It therefore follows that λ = λ. Thus λ ∈ R.

3 Related Work on Discrete Manifold Methods
Now that we’ve established the theoretical foundation of calculus on manifolds, we’re ready to consider discrete cases.
Just as the Laplacian on L2(Rn) motivated the previous section, the following section will be motivated by the Graph
Laplacian. For a graph with adjacency matrix A and degree matrix D, its Laplacian is the matrix L = D −A. In this
section, we will review two discrete manifold learning methods which use this object.

7The notion of linearity for an operator is defined in the familiar manner.
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3.1 Laplacian Eigenmaps
First we analyze the method of Laplacian Eigenmaps [4]. To motivate the method, consider a set of images of the same
object, each consisting of n× n pixels. We can view each image as a data point in Rn2

. However, we can assume that
the intrinsic dimension of the space of all these images is the number of degrees of freedom of the camera. Ignoring
zoom and lighting, position gives us 3 dimensions and therefore 3 degrees of freedom, and likewise with orientation,
etc. Thus, we assume that the structure of the image data lies on a lower dimensional manifold embedded in Rn2

. We
want to find a way to describe this lower dimensional manifold, M. So, given points x1, . . . ,xk ∈ Rl (in our example,
l = n2), we want to find y1, . . . ,yk ∈ Rm (m << l) such that each yi represents xi. See Figure 1 for an example.

An algorithm to do this is described in [4], which uses the points x1, . . . ,xk ∈ Rl to construct a graph with k
nodes, and edges connecting neighboring points. Methods to construct such a graph with suitable weights matrix W
are discussed in [4]. Once we establish a connected graph, we solve the generalized eigenvalue problem Lf = λDf
for Dii =

∑
j Wji and L = D − W the graph Laplacian with adjacency matrix replaced by the weight matrix,

W . Supposing 0 = λ0 ≤ λ1 ≤ · · · ≤ λk−1 are the generalized eigenvalues with corresponding eigenfunctions
f0, . . . , fk−1, we get an embedding xi 7→ (f1(i), . . . , fm(i)) = yi that optimally describes the manifold M on which
our data lies.

A Laplacian Eigenmap Embedding of the Swiss Roll

Figure 1: An embedding in R2 (right) of the Swiss Roll in R3 (left) with n = 2000 and computed via a Laplacian
Eigenmap using a Gaussian heat kernel to construct the weighted adjacency matrix. Notice that points which are close
on the Swiss Roll map to points which are close on the embedding.

3.2 Local Linear Embedding
Local linear embedding (LLE) [44] is a method to construct a low-dimensional representation of high-dimensional
data that preserves local linearity. Since it is not a globally linear method, it is able to work effectively on data that lies
on a nonlinear manifold; see Figure 2. The method involves, for each data point, finding its n nearest neighbors and
assembling a weight matrix W by choosing Wij to minimize

∑ℓ
i=1 ∥xi −

∑n
j=1Wijxij∥ for all data points xi ∈ Rk.

From there, the lower-dimensional data is represented by the eigenvectors corresponding to the k lowest eigenvalues
of E = (I −W )⊤(I −W ). Under conditions, if E is considered an operator of a function f defined over the data,
then Ef = 1

2∆
2
Mf . Since the eigenvectors of 1

2∆
2
M and ∆M are the same, the eigenvector problem of E becomes an

eigenfunction problem of ∆M. Observe that we can approximate [(I −W )f ]i as

[(I −W )f ]i ≈ −1

2

∑
j

Wij(xi − xij )
⊤H(xi − xij ),

and if a convex combination of
√
αivis form an orthonormal basis, then

∑
j Wijv

⊤
j Hvj = ∆Mf [4].

Interestingly, while both Laplacian Eigenmaps and LLE can be traced to eigenfunction problems of the Laplace-
Beltrami operator, they arrive at very different solutions in practice (See Fig. 1 and Fig. 2). Both methods preserve
locality, which we will strengthen mathematically in 4.1, but ”unroll” the data very differently.

7
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A Local Linear Embedding of the Swiss Roll

Figure 2: A Locally Linear Embedding in R2 (right) of the Swiss Roll in R3 (left). Notice that the local manifold
structure of the surface is preserved when embedded in the plane.

3.3 Persistent Homology
Around the same time that works such as [44] and [50] introduced nonlinear dimensionality reduction, the problem of
estimating geometric and topological invariants of a manifold from a point cloud sample was studied extensively in the
literature. From these methods, persistent homology has emerged as an increasingly popular choice for practitioners
[62, 19], and variants of this computation have been used to develop manifold learning methods [15]. To compute
persistent homology of a point cloud, one builds a hierarchical complex from the point cloud induced by an increasing
parameter. In the simplest case, this parameter is simply a pairwise distance threshold. In practice, this is most often
a filtered simplicial complex. In fact, such an object and its hierarchical structure can be represented by constructing
so-called boundary matrix whose row and column indices have an order respecting the hierarchical structure of the
complex. This matrix is factored [11], and from this we construct a graded persistence module [62]. A number of
results have been provided regarding the stability of this computational paradigm [10, 31, 8].

A result of Gabriel [22] implies that each persistent homology module over a finite complex may be written as a
direct sum of the form

H∗(F•X) ∼=
⊕
ξ

I⟨bξ, dξ⟩.

In words this means that, across all dimensions, the homology of the filtered complex X can be expressed as the direct
sum of birth and death interval modules corresponding to each homological feature, ξ. In the literature, it is common
to refer to these homological features as cycles. By birth and death, we mean the parameter value at which the feature
emerges and vanishes in the filtration. This gives the intuitive notion that the true homological signal of the data is
captured by features for which dξ − bξ is large. Like the Laplacian methods that we study in this work, persistent
homology understands local features of a manifold in order to build a global geometric picture; see Figure 3.

4 Properties of Laplace-Beltrami
Following from the discrete cases, we’re ready to generalize to the continuous case using the Laplace-Beltrami Oper-
ator. In this section, we are particularly interested in understanding the properties of the Laplace-Beltrami Operator
which make its eigenfunctions well-adapted to the geometry of the underlying manifold.

4.1 Preservation of Locality
To start, we consider the problem of looking for functions f : M → R such that points close together on M are mapped
to points close together in R. As in Section 2.1, we assume M is a smooth, compact, m-dimensional Riemannian
manifold embedded in Rl.

Consider neighboring points x,z ∈ M. They map to f(x), f(z). We claim that

|f(x)− f(z)| ≤ dM(x, z)∥∇f(x)∥+ o(dM(x, z)).

To show this, we use a proof from [4], which takes advantage of a geodesic curve c(t) parameterized by length between
x = c(0) and z = c(l). Letting l = dM(x, z), we know by the Fundamental Theorem of Calculus that

f(z)− f(x) = f(c(l))− f(c(0)) =

∫ l

0

d

dt
f(c(t)) dt

8
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Estimating S2 from a point cloud via Persistent Homology

(a) A single homological cycle (orange) together
with its bounding chain (green).

(b) The collection of bounding chains associated
with all homological cycles.

Figure 3: A point cloud sampled from S2 with local (a) and global (b) structure of the manifold determined using
persistent homology. The two dimensional features along the surface are often referred to as bounding chains, while
the one dimensional features enclosing these bounding chains are the homological cycles.

where c′(t) is the tangent vector at c(t). So, d
dtf(c(t)) =

df
dc(t)c

′(t), which implies that, on M, we have d
dtf(c(t)) =

dfc(t)(c
′(t)). Solving out, we get

f(z) = f(x) +

∫ l

0

dfc(t)(c
′(t)) dt =

∫ l

0

⟨∇f(c(t)), c′(t)⟩ dt+ f(x)

where the integral term on the right hand side is the integral of the directional derivative on M in the direction c′(t). It
therefore follows that

|f(z)− f(x)| =

∣∣∣∣∣
∫ l

0

⟨∇f(c(t)), c′(t)⟩ dt

∣∣∣∣∣ .
Applying Cauchy-Schwartz with ∥c′(t)∥ = 1, we get

|⟨∇f(c(t)), c′(t)⟩| ≤ ∥∇f(c(t))∥ · ∥c′(t)∥ =⇒ |⟨∇f(c(t)), c′(t)⟩| ≤ ∥∇f(c(t))∥.
Using a Taylor approximation at t = 0 with smoothness of f and the fact that c(0) = x gives us

∥∇f(c(t))∥ = ∥∇f(c(0))∥+ t
d

dt
∥∇f(c(t))∥+O(t2) = ∥∇f(x)∥+O(t)

=⇒ |f(z)− f(x)| ≤
∫ l

0

∥∇f(x)∥ dt = l∥∇f(x)∥+O(l)

following from the fact that f(x) is not a function of t. Since M ⊂ Rl, we know that dM(x, z) = ∥x− z∥Rl + o(∥x−
z∥Rl). Note that l = dM(x, z), resulting in the inequality

|f(z)− f(x)| ≤ dM(x, z)∥∇f(x)∥+ o(dM(x, z)).

From this we can conclude that ∥∇f∥ provides us with an upper bound on how far away x and z are mapped to
under f , so in other words an estimate of preservation of locality. In general, we’re looking for an f that best preserves
locality on average, leading to the minimization problem

argmin
∥f∥l2(M)=1

∫
M
∥∇f(x)∥2

with the unit-norm constraint intended to avoid trivial solutions f = 0. 8

8The term
∫
M∥∇f(x)∥2 is called the “Dirichlet energy” and measures the total variation of a function in a space, so minimizing

it enforces smoother eigenfunctions.
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We consider the graph version of this problem: data points turn into nodes on the graph with edges weighted
by matrix W , which is chosen advisedly as described in [4]. Defining fi = f(xi), we get that

∫
M∥∇f(x)∥

2 is
analogous to fTLf = 1

2

∑
i,j(fi− fj)2Wij where L is the discrete graph Laplacian described in 3.1. Thus, the above

minimization problem with appropriate constraints leads (in the continuous setting) to the eigenvalue problem for the
Laplace–Beltrami operator, ∆M.

As discussed in 2.2, ∆Mf = −div(∇Mf), and by Stokes’ Theorem, −div and ∇ are adjoint operators—i.e. for a
vector field X we have

∫
M⟨X,∇f⟩ = −

∫
M div(X)f . Therefore, we conclude that∫

M
∥∇f∥2 =

∫
M
f∆Mf.

More precisely, ∆M is positive semi-definite (see 4.2), so a function f that minimizes
∫
M∥∇f∥

2 is an eigenfunction
of ∆M. Denote the eigenvalues of ∆M as 0 = λ0 ≤ λ1 ≤ . . . and let fi be the eigenfunction corresponding to λi.

One consideration is that λ0 = 0, so ∆Mf0 = 0, and thus ∇f0(x) = 0 for each x. Because of this, we require all
other fi to be orthogonal to f0, meaning that

∫
M fi(x)f0(x) dx = 0. We discuss orthogonality and other constraints on

the eigenfunctions in 4.2. Therefore, we can choose the first m eigenfunctions f1, . . . fm orthogonal to each other and
to f0 and map x 7→ (f1(x), . . . , fm(x)) ∈ Rm. Since each fi is smooth, this embedding preserves locality in the sense
of minimizing Dirichlet energy. In particular, since we are minimizing

∫
M∥∇f∥

2 over all of M, the Laplace-Beltrami
Operator promotes smooth eigenfunctions that capture the global geometry of M.

In the discrete case of Laplacian Eigenmaps, it has been shown in [5] that eigenvectors of the Graph Laplacian
converge to eigenfunctions of the Laplace-Beltrami Operator on M. As a result of this convergence, the discrete case
of Laplacian Eigenmaps allows us to capture a consistent approximation of the global geometry of M in practical use.

4.2 Self-Adjointness and Positive Semi-Definite
The Laplace-Beltrami Operator is easily shown to be self-adjoint under the definition ∆M = −div(∇f). By our
discussion in Section 2.5, we may use the fact that the adjoint of the gradient, ∇, is the negative divergence, −div
under the L2 inner product. From there, using properties of inner products, we can see that for any functions f, g that

⟨∆Mf, g⟩ = ⟨−div(∇f), g⟩ = ⟨∇f,∇g⟩ = ⟨f,−div(∇g)⟩ = ⟨f,∆Mg⟩.
Therefore, the Laplace-Beltrami Operator is self-adjoint. By Fact 2, this ensures that the eigenvalues of the oper-
ator are real. Thus, considering the eigenfunctions associated with the first m eigenvalues (excluding λ0) makes
sense—ordering the eigenvalues is only well-defined if they are real. On the other hand, Fact 1 implies that the eigen-
functions of the Laplace-Beltrami Operator are orthogonal. This fact about the eigenfunctions may be leveraged for
computational purposes; see our application with Galerkin projections [51] in Section 5.

Furthermore, we can show that the Laplace-Beltrami Operator is positive semi-definite:

⟨∆Mf, f⟩ = ⟨−div(∇f), f⟩ = −
∫
M
f · div(∇f) = −

∫
M

div(f∇f) +
∫
M
|∇f |2 =

∫
M
|∇f |2 ≥ 0

This follows from the Divergence Theorem: M is Riemannian compact so
∫
M div(f∇f) =

∫
∂M(f∇f) · ndS = 0.

As a result of this, the eigenvalues of the Laplace-Beltrami Operator are not only real but also nonnegative, so smaller
eigenvalues truly correspond to eigenfunctions with less fluctuation, allowing us to ensure preservation of locality.

4.3 Nodal Domains
For a more thorough overview, we direct the reader to [26, 32]. Given an eigenfunction v : M → R of the Laplace-
Beltrami operator ∆M with Dirichlet, Neumann or Robin boundary condiitons, its nodal set is given by

N = {x ∈ M : v(x) = 0}.
In fact, nodal sets have been studied dating back to the work of Ernst Chladni’s 1787 book “Discoveries concerning
the Theories of Music”. In this work, Chladni accounts observations made while vibrating a thin metal plate with a
bow and spreading sand over it. Sand accumulates in stationary zones, and gives rise to surprisingly complex patterns.
In fact, Chladni’s experiment was modeling stationary waves, which can be understood by the spatial component of
the Helmholtz equation ∆f = −λf . Thus, this problem is identical to computing the eigenfunctions of the Laplace-
Beltrami operator. Nodal sets have been studied by Lord Rayleigh [39], and Courant and Sturm [12]. Furthermore,
for any compact Riemannian manifold, M, the eigenfunctions of ∆M may be used to construct an orthonormal basis
for L2(M), and this basis of eigenfunctions is well-adapted to the underlying manifold, in that:

1. The nodal set of any eigenfunction partitions the underlying manifold into nodal domains, and, by ordering
the eigenvalues of ∆M such that λ0 = 0 < λ1 ≤ λ2 ≤ · · · , then the eigenfunction associated with λn can
have no more than n nodal domains.

2. The nodal sets are curves intersecting at constant angles.
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4.4 Connection to the Heat Equation
Another conceptualization of the Laplace-Beltrami Operator comes from the heat equation, a classic problem in partial
differential equations [4]. Denote ∆M as the Laplace-Beltrami operator, so ∆Mf = −div∇(f). The heat equation
is defined as the problem

(
∂
∂t +∆M

)
u = 0, where u(t, x) is the heat distribution at time t and f : M → R is the

initial heat distribution. The solution to this partial differential equation is u(t, x) =
∫
MHt(x, y)f(y), where Ht is

the heat kernel or Green’s function for the equation. Since the solution to the PDE is known, we can use it to discern
the Laplace-Beltrami Operator on a function, and find that

∆M(f(x)) = −∆Mu(x, 0) = −
(
∂

∂t

[∫
M
Ht(x, y)f(y)

])
t=0

.

This version of the Laplace-Beltrami operator allows us to use well-known approximations from partial dif-
ferential equations to estimate the Laplace-Beltrami Operator’s action on a function. In some coordinate systems,

Ht ≈ (4πt)−m/2e−
∥x−y∥2

4t (ϕ(x, y) + O(t)), the Gaussian, where ϕ(x, y) is smooth with ϕ(x, x) = 1. Thus, when x
and y are close to each other and t is small,

Ht ≈ (4πt)−
m
2 e−

∥x−y∥2
4t .

Furthermore, as t→ 0 we have Ht → δ, so limt→0

∫
MHt(x, y)f(y) = f(x). From the definition of the derivative,

∆M(f(x)) = −
(
∂

∂t

[∫
M
Ht(x, y)f(y)

])
t=0

= − lim
t→0

∫
MHt(x, y)f(y)−

∫
MH0(x, y)f(y)

t

=
1

t

(∫
M
H0(x, y)f(y)− lim

t→0

∫
M
Ht(x, y)f(y)

)
≈ 1

t

(
f(x)− (4πt)−

m
2

∫
M
e−

∥x−y∥2
4t f(y)dy

)
.

After substituting data points on M in for x, this approximation, driven from PDEs, leads to results in dimension-
ality reduction, as it determines a possible scheme for assigning weights between data points.

4.5 Laplace-Beltrami Operator on S2

S2

Figure 4: A visualization of S2 illustrating the colatitude (θ) and the azimuthal angle (φ) found in [23]. These are the
general spherical coordinates, with r = 1 everywhere since we are working with the unit sphere.

The S2 manifold, effectively the surface of a sphere in R3, provides an interesting case of the Laplace-Beltrami
operator. For a more thorough review, see [14]. In R3, points on the manifold are defined as x = cosφ sin θ, y =
sinφ sin θ, and z = cos θ, where θ is the colatitude and φ the azimuthal angle (Fig. 4). These angles are known
generally to define spherical coordinates, and since we are working with the unit circle, the radius is always 1. A well-
defined function f on S2 has the properties f(θ, φ) = f(θ, φ+2π) (it must follow the sphere) and f(0, φ) = f(π, φ)
(the north and south pole must match). If we define the area element on S2 to be dµ, then dµ = sin θdθdφ. Thus,
if f is well-defined and continuous on S2, then

∫
S2 fdµ =

∫ 2π

0

∫ π

0
f(θ, φ) sin θdθdφ. Since S2 ⊂ R3, we can use
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the Rn definition of the Laplacian to find the Laplace-Beltrami operator on S2. Recall that ∆Rn =
∑n

i=0
∂2f
∂x2

i
, so

∆R3 = ∂f
∂x + ∂f

∂y + ∂f
∂z . Then, by the Chain Rule, ∂f

∂x = ∂f
∂θ

∂θ
∂x + ∂f

∂φ
∂φ
∂x , with the same applying to y and z. After some

calculus, we arrive at the definition of the Laplace-Beltrami Operator (with the operator positive in this case)

∆S2 =
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂φ2
.

The eigenfunctions of the Laplace-Beltrami operator are the spherical harmonics of f , the spherical analogue of
the Fourier series expansion, while each eigenvalue has a basis of eigenfunctions that are finite dimensional [14].

5 Discussion: Numerical Methods
We have done much work to provide a rigorous definition of Laplace-Beltrami starting only with the definition of a
purely topological manifold. In doing so, we streamlined the presentation of key results and properties in Section 4.
However, we are also motivated by algorithms and applications. In Section 3 we described two discrete Laplacian
manifold methods and a related topological method for machine learning and dimensionality reduction. In Section
4.1, the argument detailed from [4] motivates Laplace-Beltrami as a generalization of these methods to a continuous
setting. In this section, we exemplify these ideas with applications. First, we review relevant literature.

5.1 Literature
The Laplace-Beltrami operator first garnered attention from researchers in dimensionality reduction and manifold
learning as a unifying theoretical foundation for Laplacian manifold methods [6]. This followed from the the study
of Laplacian Eigenmaps [4] and their convergence [5]. Recently, the authors of [58] extend this framework to Finsler
manifolds [21], where the tangent spaces of the underlying manifold are equipped with a norm that need not be
induced by an inner product. Much attention has been given to efficient and accurate computation of the Laplace-
Beltrami eigenprobem since the eigenfunctions are well-adapted to the geometry of the underlying manifold. Indeed,
the operator plays a foundational role in geometry processing tasks such as mesh parameterization, shape analysis,
and the construction of shape descriptors, for example [58, 17, 32, 41, 42, 55, 49].

In practice, Laplacian methods reduce to an eigenvalue problem in the discrete cases of Section 3 and an eigen-
function problem in the continuous case. The most classical method in the continuous case is the cotangent method of
[38], which is a Finite Element Method (FEM) over a triangular mesh that uses a discretized Laplace-Beltrami opera-
tor derived via Green’s Theorem. See Section 5.2 for an example with the heat equation and Section 5.3 for a similar
geometry processing example. The cotangent scheme does not provide point-wise convergent estimates in general, as
exemplified by [60, 57]. To this end, Belkin et. al. [7] presented the first method providing a discretized approximate
to the Laplace operator on a meshed surface with guarantees of point-wise convergence. In [61] the authors use persis-
tent homology—see section 3.3—as regularization for Laplace-Beltrami manifold learning and show that is produces
precise discretizations of the operator.

In [59], the authors present a fast discretized method to compute Laplace-Beltrami eigenproblems via a linear
subspace method, while [36] presents a method to approximate Laplace-Beltrami eigenvalues together with empirical
evidence that it saves on memory and run-time. The orthogonality of the eigenfunctions of the operator makes a
Galerkin FEM [51] approach viable. See [42] for the original work and Section 5.3 for an example. The spectrum
of Laplace-Beltrami eigenvalues may also be learned via a graph neural network, as is recently shown in [2]. It is
important to note the difference between a discretized Laplace-Beltrami operator and a discrete Laplacian, as is noted
in [32]. Here, the author uses a discrete Laplacian as defined in [16] to compute an orthogonal basis for a function
space over a surface given by the eigenfunctions of the Lapalce-Beltrami operator.

5.2 Heat Equation Application
To demonstrate how the Laplace-Beltrami operator can be used to numerically solve the heat equation on a man-
ifold, consider the Möbius strip of width w, parameterized in R3 as r(u, v) = [(1 + v cos(u2 )) cos(u), (1 +

v cos(u2 )) sin(u), v sin(
u
2 )] for u ∈ [0, 2π), v ∈ [−w,w]. We first construct a mesh of quads

[
i0 i1
i2 i3

]
with

i0 = inu + j, i1 = inu + j + 1, i2 = (i+ 1)nu + j, and i3 = (i+ 1)nu + j + 1. These define vertices of the quads
in a mesh indexed by i = 0, . . . , nv − 1, j = 0, . . . , nu. Because the Möbius strip flips at the seam—the column of
quads at j = nu− 1)—the v coordinate flips there: i0 = inu+nu− 1, i1 = (nv − 1− i)nu, i2 = (i+1)nu+nu− 1,
and i3 = (nv − 1− (i+ 1))nu. Inside of each quad, we can define two triangles (i0, i1, i3) and (i0, i3, i2), giving us
a mesh of triangles approximating the Möbius strip M. (See [9] for more detail).

As discussed in 4.4, the heat equation is ut = ∆Mu. We use the weak form with a test function v in Hilbert
space:

∫
M vut =

∫
M v∆Mu. By Green’s Theorem on manifolds,

∫
M v∆Mu = −

∫
M ∇Mv ·∇Mu+

∮
∂M v(∇Mu · n̂)ds.
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The line integral term becomes zero when we impose Neumann boundary conditions (no net flow in or out of M), so∫
M v∆Mu = −

∫
M ∇Mv · ∇Mu.

This holds for any test function v in Hilbert space, so we apply a Galerkin projection to a subspace Vh spanned by
basis functions ϕ1, . . . , ϕN where for pi we have ϕj(pi) = δij . We’re looking for an approximate solution uh ∈ Vh
with uh(x, t) =

∑N
j=1 uj(t)ϕj(x). Namely, uh should satisfy ∀v ∈ Vh:

∫
M v

∂uh

∂t = −
∫
M ∇Mv · ∇uh [51].

In particular, Vh = span(ϕ1, . . . , ϕN ), so set v = ϕi for some i:∫
M
ϕi
∂uh
∂t

=

∫
M
ϕi
∑
j

u̇j(t)ϕj =
∑
j

u̇j(t)

∫
M
ϕiϕj

and

−
∫
M
(∇Mϕi ·

∑
j

uj(t)∇Mϕj) = −
∑
j

uj(t)

∫
M
(∇Mϕi · ∇Mϕj)

so by the heat equation, ∑
j

u̇j(t)

∫
M
ϕiϕj = −

∑
j

uj(t)

∫
M
(∇Mϕi · ∇Mϕj).

Setting Mij =
∫
M ϕiϕj , Lij =

∫
M(∇Mϕi ·∇Mϕj), we get a first order system of N coupled ordinary differential

equations M u̇ = −Lu. With a bit more work, we can compute L and M explicitly based on the parameters of our
triangle mesh of the manifold with a method described in [38]. With our Möbius strip, we get

Lij =



1

2

∑
T∋i

(cotαT
i + cotβT

i ) j = i

−1

2
(cotαij + cotβij) j ∈ N (i)

0 otherwise

Mij =


1

3

∑
T∋i

AT j = i

0 j ̸= i

(1)

for αij , βij the two angles opposite edge (i, j), N (i) the set of vertices sharing an edge with i, and AT the area of
triangle T .

We can solve this system of ODEs with implicit Euler: (un+1−un)
∆t ≈ u̇ = −M−1Lun+1

un+1 +∆tM−1Lun+1 = un (2)

(I +∆tM−1L)un+1 = un (3)
(M +∆t L)un+1 =Mun (4)

and applying LU decomposition to M +∆tL = PL′U , we get un+1 = U−1L′−1PTMun. This is our iteration we
can apply to approximate u as time increases. In Figure 5 we see the results in log time (since heat transfer happens
very quickly) of a heat spike applied to an initial point on the Möbius strip. The code to compute this and create the
visual (Figure 5) can be found in [27].

The connection between the Laplace-Beltrami operator and this method of solving the heat equation is intimate:
picking our initial condition u0, we can decompose it as u0 =

∑
k ckϕk where ϕk are the generalized eigenfunctions

of L (Lϕk = λkMϕk) and ck = ϕTkMu0 are coefficients. Note that λ0 = 0, so the k = 0 term in the solution satisfies
c0e

−λ0tϕ0 = c0ϕ0, which is constant in time and represents the steady-state heat distribution. This is consistent with
conservation of total heat imposed by the Neumann boundary conditions, since no energy escapes through ∂M.

Since L is the Galerkin projection of ∆M, eigenfunctions of L are the best discrete approximation of eigenfunc-
tions of ∆M. So indeed, the solution u(t) =

∑N−1
k=0 cke

−λktϕk is fully determined by the eigenfunctions of L, which
by the Galerkin construction converge to eigenfunctions of ∆M as the mesh is refined (See [5]).

5.3 Helmholtz Equation and Geometry Processing
In geometry processing, many tasks reduce to the computation of a structured function basis over a manifold or surface.
In the literature, the eigenfunctions of the Laplace-Beltrami operator have proven to be a popular choice of function
basis, as is noted in Section 5.1. In practice, computing these eigenfunctions is done by computing solutions to the
Helmholtz equation. For a manifold M and an element f of the Hilbert space L2(M), the (homogeneous) Helmholtz
operator is given by ∆Mf + λf = 0 for λ ∈ R. In this section we detail a numerical solution method of [42] using a
Galerkin FEM approach and a discretized Helmholtz operator derived via Green’s formula in a manner similar to that
of Section 5.2. As a result, the problem is transformed to a generalized eigenproblem. See Figure 6 for an example.
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Heat Diffusion on the Möbius Strip

Implicit Euler, cotangent Laplace-Beltrami and Neumann boundary conditions

Figure 5: Heat diffusion on the Möbius strip at six logarithmically spaced times, solved via implicit Euler time-
stepping with the discrete Laplace-Beltrami operator under homogeneous Neumann boundary conditions. The
temperature field u spreads from an initial Gaussian spike and converges toward a uniform steady state ū =
total heat/total area. The non-orientability of the strip is visible in the asymmetric spreading of the wavefront across
the seam.

The Galerkin method can be understood as projecting a differential operator onto a high-order function basis,
such as a monomial or polynomial basis. See [48] for an overview. To start, we will translate the Laplacian eigenvalue
problem to a variational problem using Green’s formula—that is

∫
M
φ∆Mf dσ = −

∫
M
⟨∇Mf,∇Mφ⟩ dσ, (5)

where dσ is a surface or volume element. Note that we are assuming the line integral term vanishes, so it is necessary
to assume that either M is without boundary or that we have Dirichlet or Neumann boundary conditions. Note that
φ ∈ L2(M) is a test function, and by multiplying the Helmholtz operator by φ we may use Equation 5 to obtain

φ∆Mf = −λφf ⇐⇒
∫
M
φ∆Mf dσ = −λ

∫
M
φf dσ ⇐⇒

∫
M
⟨∇Mf,∇Mφ⟩ dσ = λ

∫
M
φf dσ.
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To proceed, use the definition of ∇M in local coordinates so that

⟨∇Mf,∇Mφ⟩ =

〈∑
i,j

gij∂if∂j ,
∑
k,l

gkl∂kφ∂l

〉

=
∑
i,j

gijf∂j

∑
k,l

gkl∂lφ ⟨∂i, ∂k⟩


=
∑
i,j

gijf∂jφ

∑
k,l

gklgik∂l


=
∑
i,j

gijf∂jφ

∑
k,l

δkiδli∂l


=
∑
i,j

gij∂if∂jφ.

Taking this with our above computation, it follows that∫
M

∑
i,j

gij∂if∂jφdσ = λ

∫
M
φf dσ. (6)

Now we transform this into a generalized eigenvalue problem. Choose a finite set of linearly independent trial
functions of the form F1, . . . , FN : M′ → R where M′ is a parameterization of M by a mesh. We want to approximate
solutions of the form f =

∑
k ckFk for unknown ck ∈ R. Thus, we substitute this choice of f into Equation 6 and

choose a family of test functions to be precisely the family of trial functions {Fl} for l = 1, . . . , N to obtain a family
of Galerkin equations of the form∫

M

∑
i,j

gij∂i

(∑
k

ckFk

)
∂jFl dσ = λ

∫
M
Flf dσ. (7)

Now define matrices A,B ∈ RN×N such that

Akl =

∫
M

∑
i,j

gij∂iFk∂jFl dσ and Bkl =

∫
M
FlFk dσ.

By our choice of test functions we see that A and B are symmetric. Furthermore, these matrices are positive semi-
definite, just as the operator that we discretized to construct them. Finally, observe that taking a unknown coefficient
vector c ∈ RN , then the generalized eigenproblem Ac = λBc is precisely the family of Galerkin equations defined
by Equation 7. As noted in [42], this method is essentially independent of a choice of mesh.

5.4 Laplacian Autoencoders
Another application of the Laplace-Beltrami operator relevant to classwork study is the Laplacian autoencoder, where
an autoencoder is trained completely from a manifold learning framework, explored in [28]. It regularizes autoencoder
training so that local linearity is preserved, just as the LBO (and graph Laplacian) does. The LBO specifically allows
for discrete approximations of first- and higher-order regularizers. The authors describe a general objective, J (f, g) =
ε(f, g) + λΩ(f), where f is the encoder, g is the decoder, ε the error term, and Ω the regularization term. They
found that for a higher-derivative case, the optimal choice of Ω(f) was

∫
M ∥∇f(x)∥22dx +

∫
M ∥Hf (x)∥2F dx when

attempting to preserve locality, where Hf is the Hessian of f . In the first-order case, the optimal regularization term
is just

∫
M ∥∇f(x)∥22dx. From there,

∫
M ∥∇f(x)∥22dx in the discrete case of the weight matrix between data points

becomes
∑

i<j W (i, j) (f(xi)− f(xj))
2 (as shown in [4]) and [28] demonstrate using similar techniques that the

discretization of
∫
M ∥Hf (x)∥2F dx is

∑
i<j W (i, j) (∇f(xi)−∇f(xj))2. These discretizations can be used to find a

practical training objective, either

J (f, g) =
∑
x∈S

E(x, g(f(x)) + λ
1

2

∑
xi,xj∈S

W (i, j)∥f(xi)− f(xj)∥22

for a first-order Laplacian autoencoder, or
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A Heat Map on the Surface of a Cube

Figure 6: A mesh parameterization for the surface of a cube is colored with intensity determined by the computed
coefficients c from the generalized eigenvalue problem Ac = λBc. Specifically, these coefficients come from the
fifteenth eigenfunction of the Laplace-Beltrami operator. Notice that the heat map induces contours that partition the
surface.

J (f, g) =
∑
x∈S

E(x, g(f(x)) +
1

2

∑
xi,xj∈S

W (i, j)
(
λ∥f(xi)− f(xj)∥22 + β∥Jf (xi)− Jf (xj)∥22

)
for a higher-dimensional LAE. Here,E is again an error term, chosen based on the data (but usually either squared

loss or cross-entropy loss), and the reconstruction function is chosen based on that function. Back propagation is used
to determine the gradient of J , and the authors found that the Laplacian autoencoder outperformed similiar methods,
perhaps because it relies on the innate manifold the data lie on.

6 Conclusion
The Laplace-Beltrami Operator, while coming from the definition of the Laplacian in calculus, has far-reaching appli-
cation when generalized to a compact Riemannian manifold. We have shown how its properties, specifically preser-
vation of locality, self-adjointness, and positive semidefiniteness, bring meaning to many methods in dimensionality
reduction, as eigenvalues and vectors gain meaningful order and can be used as tools to model aspects of the mani-
fold. Additionally, preservation of locality shows that the Laplace-Beltrami operator is a useful transformation when
the goal is to keep close points together, but also gives new validation to the methods of Laplacian eigenmaps and
Local Linear Embedding, both of which rely on that preservation to accurately embed data on a manifold into a lower-
dimensional space. By studying the Laplace-Beltrami operator, one is able to understand the innate properties that
allow methods of dimensionality reduction to preserve local structure, and extend this paradigm to a broader domain
of problems and applications.
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